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A novel nonlinear adaptive neural control methodology is presented for the challenging problem of deep-space
spacecraft formation � ying. When the framework of the circular restricted three-body problem with the sun and
Earth as the primary gravitational bodies is utilized, a nonlinear model is developed that describes the relative
formation dynamics. This model is not con� ned to the vicinity of the Lagrangian libration points but rather
constitutes the most general nonlinear formulation. Then, a relative position controller is designed that consists
of an approximate dynamic model inversion, linear compensation of the ideal feedback linearized model, and
an adaptive neural-network-based element designed to compensate for the model inversion errors. The nominal
dynamic inversion includes the gravitational forces, whereas the model inversion errors are assumed to stem from
disturbances such as fourth-body gravitational effects and solar radiation pressure. The approach is illustrated
by simulations,which con� rm that the suggested methodologyyields excellent tracking and disturbance rejection,
thus, permitting submillimeter formation keeping precision.

Nomenclature
d = differential disturbance acceleration
dM = moon’s gravitational differential disturbance

acceleration
dSP = solar radiation pressure differential disturbance

acceleration
e = position tracking error
K = optimal feedback gain matrix
Ninner = number of inner layer neurons
Q lc = state weighting matrix for linear controller
RE = Earth radius
Rlc = pseudocontrolweighting matrix for linear controller
r = relative position
rtr = required relative position
u = differential control acceleration vector
V = neural network input weighting matrix
v = relative velocity vector
W = neural network output weighting matrix
x = relative state
¯ = solar radiation pressure coef� cient
¢ = model inversion error
" = state tracking error
³rm = damping coef� cient of reference model
¹ = normalized gravitational constant
¹E = Earth gravitational constant
¹S = sun gravitational constant
º = pseudocontrolvector
Nº = neural network robustifying term
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º lc = linear pseudocontrolsignal
ºad = adaptive pseudocontrolsignal
º tr = tracking pseudocontrol signal
¾ = sigmoid activation function
!rm = natural frequency of reference model

Subscripts

l = leader spacecraft
f = follower spacecraft

I. Introduction

S PACECRAFT formation� ying (SFF) is an evolvingtechnology
for distributing the functionalityof a single spacecraft between

several closely � ying satellites. This notion is expected to have the
advantagesof lower life-cyclecost, better performance,more adapt-
ability to changing mission goals, and less susceptibility to the loss
of individual satellites. Future applications of the SFF technology
includehigh-resolutioninterferometry,stereographicimaging, syn-
thetic apertures, and distinguishingspatial from temporal magneto-
spheric variations.

Formation � ying missions can be categorized as Earth-centered
and deep-spacemissions.The � rst category includesnumerousmis-
sions such as TechSat21 (Ref. 1) and Earth Observing-1 (Ref. 2).
The latter category includes long-baselinemidinfrared interferome-
try missions such as the TerrestrialPlanet Finder (TPF),3 Starlight,4

and Darwin5; x-ray interferometry missions such as the Micro-
Arcsecond X-Ray Imaging Mission (MAXIM) Path� nder6; and
general relativity missions such as the Laser Interferometer Space
Antenna (LISA).7 In this work, deep-space formation � ying is
addressed.

The resolution and precision requirements associated with typi-
cal pro� les of deep-space formation � ying missions raise new chal-
lengesin trajectorydesign,control,instrumentation,andpropulsion.
The non-Keplerian trajectoriesof deep-spacespacecraft necessitate
a specialized treatment of the formation control, reorientation, and
rotation. Often, trajectory analysis and design are carried out in
the context of the circular restricted three-body problem (CR3BP)
with the sun and the Earth as the primary gravitational bodies.
This framework permits the derivationof mission-enablingtrajecto-
ries such as halo orbits around the Lagrangian libration points,3;8;9

out-of-ecliptic trajectories,10 and distant retrograde orbits,11 each
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speci� cally suited to a differentclass of deep-spaceformation� ying
missions.

The aforementioned issues motivate the study of SFF control in
arbitrary non-Keplerian orbits emerging from the CR3BP with the
sun and Earth as the primaries.However, a complete analysisof SFF
in arbitraryCR3BP trajectoriesmustovercomeseveraluniqueobsta-
cles. Thus far, the vast majorityof the studiesdealingwith formation
� yingadoptedlinearequationsofmotion found from local lineariza-
tion about some referencetrajectory.The resulting linearmodels are
validwhen dealingwith bothEarth-centeredand librationpointmis-
sions. In the former case, the well-known Clohessy–Wiltshire (CW)
equations have been used (see Refs. 12–16). In the latter case, the
equations of motion have been linearized about the L2 libration
point utilizing a CW-like reference frame and a periodic reference
orbit.9 However, future missions such as MAXIM Path� nder, raise
stringent submillimeter relativepositioncontrol accuracyspeci� ca-
tions that do not permit the utilizationof linearizationtechniques.17

Instead, the complete nonlinear models should be used, so that no
approximation is involved in the design procedure.

Although most researchershavepresentedlinearizedSFF results,
a few recently published works did consider nonlinear formation
dynamics.18¡20 In Refs. 18 and 19, an Earth-centered SFF control
design with a nonlinear gravitational � eld is presented. In Ref. 20,
the Earth-centered case focusing on nonlinear J2 perturbations is
described again. However, all of these works neglected third-body
effects. Others have provided means for analyzing con� gurations
of spacecraft formations by neglecting the gravitational gradient
and the solar radiation pressure.21 These approaches constitute an
unrealistic approximation when considering deep-space missions
requiring highly precise position control.

In this paper, we address the complete nonlinear problem of
deep-spaceformation� ying anddevelopa controlmethodologythat
yields submillimeter formation keeping. Because of the formidable
positioncontrol accuracy requirement,we do not linearize the prob-
lem, but rather model the complete highly nonlinear dynamics ren-
dered by the CR3BP with the sun and the Earth as the primary
gravitational bodies.

To prevent the microgravity deep-space environment from caus-
ing the spacecraft in the formation to drift apart, a novel closed-
loop nonlinear position control law is developed that incorporates
an adaptivedisturbancerejectionscheme for arbitrary reference tra-
jectories.This approachis motivatedby the recent advancesin adap-
tive neural-network-(NN-) based control of nonlinearsystems.22¡26

The methodology presented in this paper is an adaptation with ap-
propriate extensions of those techniques for precise formation � y-
ing missions. In addition to controlling the formation on complex
trajectories, this algorithm effectively compensates for deep-space
disturbancessuch as solar radiationpressure (SRP) and fourth-body
gravitation.These disturbancesare incorporatedinto the analysis to
illustrate the potency of the proposed control methodologyto reject
disturbancesand cope with modeling errors.

The work presented herein focuses on the problem of developing
a nonlinear control law for deep-spaceformation keepingassuming
that the measurements required for its implementationare continu-
ously available and ideal. This is the natural � rst step in developing
a real-life control system. Once we quantify the extent to which the
performance speci� cations using ideal measurements are achiev-
able, future work will look into the effects of sensor errors and
measurement rate on the overall formation keeping performance.

This paper starts by presenting the nonlinear equations of mo-
tion characterizing spacecraft dynamics in the CR3BP (Sec. II).
We then develop an adaptive NN-based relative position controller
that incorporates approximate dynamic model inversion and lin-
ear compensation of the ideal feedback linearized model (Sec. III).
The nominal dynamic inversion includes the gravitational forces,
whereas the model inversion errors are assumed to stem from dis-
turbancessuch as fourth-bodygravitationaleffects (for example, the
moon) and SRP, or eccentricity effects of the Earth’s orbit around
the sun. The approach is illustrated by realistic nonlinear simula-
tions, which con� rm that the suggested methodology yields excel-
lent tracking and disturbancerejection (Sec. IV). This paper further

concludes that continuous-level plasma electric propulsion can be
utilized to provide � ne thrust for the microgravity environment of
deep-spacemissions (Sec. V).

II. Problem Formulation
There are two main approaches for the formulation of the space-

craft relative position control problem. The indirect approach is to
station keep each spacecraft about some precalculated trajectory9

that is chosen a priori to maintain some desired relative spacecraft
position.The direct approach is to command the spacecraft to track
a prede� ned relative reference trajectory, by selecting a (possibly
virtual)leader spacecraft.This decentralizedmethodologyis termed
a formationkeepingproblem.12¡18 In this work, we adopt the direct
approach, which has several considerablevirtues. The most signif-
icant merit is that the leader does not have to station keep, which
eliminates the need to equip it with a propulsion system. The leader
spacecraft may, thus, be launched into an arbitrary, possibly Earth
drift-away, trajectory.

For presentation simplicity, we consider a two-spacecraft forma-
tion, although the same formulation equally applies to formations
of any size. To this end, let rl and r f 2 <3 be the position vectors
of the leader and follower spacecraft, respectively, relative to the
Earth, R 2 <3 that of the Earth relative to the sun, and r 2 <3 the
relative position vector between the leader and follower spacecraft,
that is, r f D r l C r (Fig. 1). The inertial accelerationsof the leader
and follower spacecraft relative to Earth are given by27

Rrl D ¡ ¹E rl

krl k3
¡

µ
¹S.R C rl/

kR C rl k3
¡ ¹SR

kRk3

¶
C dl C ul (1)

and

Rrl C Rr D ¡ ¹E .rl C r/
krl C rk3

¡
µ

¹S.R C rl C r/
kR C rl C rk3

¡ ¹SR
kRk3

¶
C d f C u f

(2)

where ¹E and ¹S are the gravitational constants of the Earth and
the sun, respectively, dl and d f 2 <3 are disturbance acceleration
vectors acting on the leader and follower, respectively, and ul and
u f 2 <3 are the control acceleration input vectors.

The equations of relative motion are obtained by subtracting
Eq. (1) from Eq. (2), which yields

Rr D ¹E

µ
rl

krlk3
¡ rl C r

krl C rk3

¶

C ¹S

µ
R C rl

kR C rlk3
¡ R C rl C r

kR C rl C rk3

¶
C d C u (3)

where u D u f ¡ ul and d D d f ¡ dl . The acceleration Rr is evaluated
in a rotating Earth-� xed coordinate system Ox; Oy; Oz, shown in Fig. 1.
This coordinate system is different from the common reference
frame9 used to model the CR3BP. The basic notion is to choose

Fig. 1 Coordinate systems: x̂; ŷ; ẑ de� ne a rotating Earth-� xed co-
ordinate system, and X̂; Ŷ; Ẑ is a heliocentric-ecliptic inertial frame.
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the origin of the coordinate system at the center of the small pri-
mary, Earth in our case, rather than the barycenter,and to normalize
the masses by the mass of the large primary, the sun.17;27 This co-
ordinate system is useful from the engineering standpoint because
the orbit determinationprocess can be straightforwardlyperformed
with the position and velocity vectors measured relative to Earth.
Also, in a sense, this coordinate system is analogous to the CW
reference frame in the two-body case, where the origin is set on the
leader spacecraft.

Proceeding with the usual analysis but in this variant coordi-
nate system, we shall use the following unit conventions. The
position of the leader rl D [xl; yl ; zl]T and the relative position
r D [x; y; z]T are measured in astronomical units (AU), where
the mean Earth–sun distance is kRk D 1 AU D 1:496 £ 108 km.
The time is normalized by the Earth mean heliocentric angu-
lar velocity, that is, t D t¤=

p
.kRk3=¹S/, where t¤ is the time

measured in seconds. Accordingly, the velocity vector of the
leader vl D [ Pxl ; Pyl; Pzl ]T and the relative velocity v D [ Px; Py; Pz]T are
normalized by kRk=

p
.kRk3=¹S/. The vectors u D [u x ; u y; uz]T

and d D [dx ; dy ; dz]T are normalized by ¹S=kRk2 . Also, let
¹ D ¹E =.¹E C ¹S/ D 3:0034495182£ 10¡6.

The inertial reference frame used here is a heliocentric-ecliptic
coordinate system, denoted by OX; OY ; OZ , as shown in Fig. 1. With
utilization of the preceding unit convention, the transformation of
some position vector p from the rotating frame to the inertial frame
is given by

[p] OX ; OY ; OZ D

2

4
cos t ¡ sin t 0

sin t cos t 0

0 0 1

3

5

8
<

:[p] Ox; Oy;Oz C

2

4
1

0

0

3

5

9
=

; (4)

Next, the acceleration of the leader from Eq. (1), Rrl D [ Rxl; Ryl ; Rzl ]T ,
can be expressed in the rotating coordinate frame as

Rxl D xl C 2 Pyl ¡ ¹xl
¡
x2

l C y2
l C z2

l

¢ 3
2

¡ .1 ¡ ¹/.xl C 1/
£
.xl C 1/2 C y2

l C z2
l

¤ 3
2

C 1 ¡ ¹ C dl x C ulx (5)

Ryl D yl ¡ 2 Pxl ¡ ¹yl

¡
x2

l C y2
l C z2

l

¢ 3
2

¡ .1 ¡ ¹/yl
£
.xl C 1/2 C y2

l C z2
l

¤ 3
2

C dly C uly (6)

Rzl D ¡ ¹zl

¡
x2

l C y2
l C z2

l

¢ 3
2

¡ .1 ¡ ¹/zl
£
.xl C 1/2 C y2

l C z2
l

¤ 3
2

C dlz C u lz (7)

where we substituted dl D [dlx ; dly ; dlz]T and ul D [u lx ; uly ; ul z]T .
Similarly, the relative acceleration Rr D [ Rx; Ry; Rz]T satis� es

Rx D x C 2 Py C ¹

2

4 xl
¡
x2

l C y2
l C z2

l

¢ 3
2

¡
xl C x

£
.xl C x/2 C .yl C y/2 C .zl C z/2

¤ 3
2

3

5

C .1 ¡ ¹/

2

4 1 C xl

£
.xl C 1/2 C y2

l C z2
l

¤ 3
2

¡
1 C xl C x

£
.xl C x C 1/2 C .yl C y/2 C .zl C z/2

¤ 3
2

3

5 C dx C ux (8)

Ry D y ¡ 2 Px C ¹

2

4 yl

¡
x2

l C y2
l C z2

l

¢ 3
2

¡
yl C y

£
.xl C x/2 C .yl C y/2 C .zl C z/2

¤ 3
2

3

5

C .1 ¡ ¹/

2

4 yl

£
.xl C 1/2 C y2

l C z2
l

¤ 3
2

¡
yl C y

£
.xl C x C 1/2 C .yl C y/2 C .zl C z/2

¤ 3
2

3

5 C dy C u y (9)

Rz D ¹

2

4 zl

¡
x2

l C y2
l C z2

l

¢ 3
2

¡
zl C z

£
.xl C x/2 C .yl C y/2 C .zl C z/2

¤ 3
2

3

5

C .1 ¡ ¹/

2

4 zl

£
.xl C 1/2 C y2

l C z2
l

¤ 3
2

¡
zl C z

£
.xl C x C 1/2 C .yl C y/2 C .zl C z/2

¤ 3
2

3

5C dz C uz (10)

To synthesize a relative position control law, it is convenient to
utilize a state-space representation.To this end, we de� ne the state
vectors

xl
1D

£
rT

l ; vT
l

¤T D [xl; yl ; zl ; Pxl ; Pyl ; Pzl ]
T ; xl 2 l ½ <6 (11)

x
1D

£
rT ; vT

¤T D [x; y; z; Px; Py; Pz]T ; xl 2 ½ <6 (12)

where l is a vector subspace of <6 that satis� es the constraint
krl k ¸ RE , is a vector subspace of <6 that satis� es krl C rk ¸ RE ,
and RE denotes Earth’s radius.

When the de� nitions in Eqs. (11) and (12) are used Eqs. (5–10)
are rewritten into state-space vector form:

Pxl D Alinxl C Bgl .xl ; ul; t/ (13)

Px D Alinx C Bg.x; xl ; u; t/ (14)

where

gl.xl; ul ; t/ D fl .xl / C dl .xl ; t/ C ul (15)

g.x; xl ; u; t/ D f .x; xl / C d.x; xl ; t/ C u (16)

and

Alin D
µ

03 £ 3 I3 £ 3

A21 A22

¶
; B D

µ
03 £ 3

I3 £ 3

¶

A21 D

2

4
1 0 0

0 1 0

0 0 0

3

5 ; A22 D

2

4
0 2 0

¡2 0 0

0 0 0

3

5 (17)

Here, 03 £ 3 and I3 £ 3 are the 3 £ 3 zero and identitymatrices, respec-
tively. The nonlinear terms fl .xl / and f.x; xl/ represent the gravi-
tational acceleration of the leader and the differential gravitational
acceleration, respectively, and are given by
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fl .xl / D

2

666664

¡ ¹xl

¡
x2
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l C z2

l

¢ 3
2

¡ .1 ¡ ¹/.xl C 1/
£
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l

¤ 3
2
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¡
x2

l C y2
l C z2

l

¢ 3
2
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£
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l

¤ 3
2

¡ ¹zl
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l C y2
l C z2

l

¢ 3
2
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£
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l C z2
l

¤ 3
2

3
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(18)

f .x; xl / D

2

666666666666666666666666666666666664

¹
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3
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2
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£
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¡
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£
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2
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5

3

777777777777777777777777777777777775

(19)

where fl : ! <3 and f : <3 ! <3 .
To complete the modeling of the system dynamics, a descrip-

tion of possible disturbances is required. However, the disturbance
model is used for simulation purposes only because of the inherent
uncertainties in the disturbance model and because the control law
cannot precisely predict them. Thus, the actual controller design
scheme assumes no knowledge of the disturbance model. Its effect
on the formation keeping dynamics is compensated adaptively in
real-time operation.Consequently,we postpone the presentationof
the disturbancemodel to Sec. IV. The only assumptionmade regard-
ing the disturbance vector, denoted by d.x; xl ; t/, is that it is norm
bounded, that is,

kd.x; xl ; t/k · D (20)

Note that Eq. (20) does not restrict the generality of the treatment
because, physically speaking, deep-space disturbances (namely,
fourth-bodygravity effects and solar radiation pressure) are always
bounded.

III. Relative Position Control
Assume that we wish to steer the followerspacecraftto track some

reference trajectory relative to the leader spacecraft.This trajectory
may represent some optimal relative maneuver, a prede� ned time-
varyingrelative trajectoryor simply a constantoffset. In general, the
controlledvariablesof the relativestateare thepositioncomponents,
that is,

r D Hx D [I3 £ 3 03 £ 3]x (21)

and the required relative trajectory is given by rtr.t/ D [xtr.t/;
ytr.t/; ztr.t/]T .

Note that the position of the leader, rl , constitutes an exogenous
signal to the equationsof the relativedynamics [Eqs. (14)]. Because
the controlled dynamics are those of the relative motion, the par-
ticular nature of the leader trajectory is of no importance for the
treatment to follow, as long as it is known and bounded.

To developa robustcontrolof the relativepositionbetweenspace-
craft in the presence of unknown disturbances, we have utilized a
nonlinearcontrol methodology,which will be detailed. The relative
positioncontrolloop developedhereafter is describedschematically
in Fig. 2. It consists of an approximate dynamic model inversion,
linear compensation of the ideal feedback linearized model, and an
adaptive NN-based element designed to compensate for the model
inversion errors. In the current work, a full state controller is de-
signed, with the assumption of the availability of the measurement
of both the relative position and velocity vectors and the position
and velocity of the leader relative to the Earth. This implies that
the relevant information is shared between the leader and follower
spacecraft.

Note that the particularcontrol design approach presented in this
section has been adopted because of its modular structure, ease
of design and implementation, and excellent performance.Further-
more, it has been shown to work where the linearized formation
� ying methodology failed to yield the required formation keeping
precision; see Ref. 17 for details. Although no claim is being made
regarding the optimalityof the approach,simulationswill show that
the derived controller performs well in terms of fuel expenditure.

A. Approximate Feedback Linearization via Dynamic Inversion
The dynamic model inversion is performed on the nonlinear ele-

ments of Eq. (14). We de� ne a pseudocontrol signal as

º D Og.x; xl ; u/ D Of.x; xl/ C u (22)

where Of.x; xl / is an estimate of f .x; xl /.
Substituting Eq. (22) into Eq. (14) leads to

Px D Alinx C B[º C ¢.x; xl; t/] (23)

where ¢.x; xl ; t/ is the model inversion error, given by

¢.x; xl ; t/ D f .x; xl / ¡ Of .x; xl/ C d.x; xl; t/ (24)
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Fig. 2 Block diagram of the relative position control loop.

Thus, the model inversion error stems from two sources: modeling/
measurement inaccuracies, f .x; xl / ¡ Of .x; xl /, and exogenous dis-
turbances, d.x; xl; t/. Modeling/measurement inaccuracies may
stemfromseveralfactors.The most obviouserrorsource is due to in-
accuraciesin the statemeasurementrequiredtoobtain Of .x; xl /.How-
ever, as already mentioned, we shall assume here ideal and contin-
uous measurements.Nevertheless, modeling errors may still occur.
For example, if f .x; xl / includesonly gravitationalterms, as the case
discussed here, modeling inaccuracies will result from neglecting
the eccentricity of Earth’s orbit. Moreover, if f.x; xl/ is augmented
to include a nominal SRP term, inaccuracies will result from the
uncertainty in the SRP coef� cient. If it is assumed that there are no
modeling inaccuracies,Eq. (24) reduces to ¢.x; xl ; t/ D d.x; xl ; t/,
that is, the model inversionerror includesthedisturbancetermsonly,
some of which may be unknown and/or unmodeled.

The pseudocontrol º of Eq. (22) is designed such that satisfac-
tory dynamic characteristicsand trackingperformanceare achieved
despite the modeling errors and disturbances, or, equivalently, de-
spite the model inversionerror ¢.x; xl ; t/. Once º is computed, the
actual control signal is obtained by inverting Eq. (22), that is,

u D º ¡ Of .x; xl / (25)

which clearly depends on the measurements of x and xl . Accord-
ing to the preceding requirements, º is comprised of three major
elements: 1) º lc , a linear compensation term designed to achieve
the desired dynamic characteristicsof the ideal linear model, while
neglecting the gravity and disturbanceaccelerations;2) º tr, used to
achieve tracking of the relative reference trajectory or regulation to
a constant set point and a function of rtr and its derivatives; and 3)
ºad , an adaptive signal designed to compensate for the effect of the
model inversion error ¢.x; xl ; t/.

Thus, º is chosen as

º D º lc C º tr ¡ ºad (26)

Substituting Eq. (26) into Eq. (23) leads to

Px D Alinx C Bfº lc C º tr C [¢.x; xl; t/ ¡ º ad]g (27)

B. Linear Controller Design
A linear full state feedback controller is designed to provide the

desireddynamiccharacteristicsof the ideal gravityand disturbance-
free linear model, obtained by neglecting the model inversion error
and the other componentsof the pseudocontrolsignal º in Eq. (27).
Any linear control design technique can be used for the controller
design problem associated with this linear model. In the current
study, we adopted the optimal linear quadratic regulation (LQR)

approach that providesa straightforwardformulationof the tradeoff
between control effort and response time. Thus, º lc is chosen to
minimize the in� nite-horizon cost functional

J D
Z 1

t0

¡
xT Q lcx C ºT

lc Rlcº lc

¢
dt (28)

The optimizationresults in the standardlinear control solutiongiven
by

º lc D ¡K x D ¡K1r ¡ K2v (29)

Substituting Eq. (29) into Eq. (27) leads to

Px D Aclx C Bfº tr C [¢.x; xl ; t/ ¡ ºad]g (30)

where the closed-loop dynamics matrix Acl is given by

Acl D Alin ¡ B K D
µ

03 £ 3 I3 £ 3

Acl
21 Acl

22

¶
(31)

with

Acl
21 D A21 ¡ K1; Acl

22 D A22 ¡ K2 (32)

The LQR technique guarantees stability of the closed-loop system,
ensuring that Acl is Hurwitz.

Next, the reference trajectory related signal º tr is chosen so that
the linear formulation of the closed-loop tracking error dynamics
does not involve speci� cally rtr and its derivative.To that end, º tr is
set as

º tr D Rrtr ¡ Acl
21rtr ¡ Acl

22 Prtr (33)

The position tracking error and the combined position and velocity
tracking errors are de� ned as

e
1D rtr ¡ r (34)

""
1D [eT PeT ]T (35)

A routine manipulation of Eqs. (31–36) leads to the tracking error
dynamics equation

P"" D Acl"" C B[ºad ¡ ¢.x; xl ; t/] (36)

which in fact is not forced by rtr and its derivatives.
From Eq. (33) it is evident that the � rst and secondtime derivative

of the referencetrajectoryare needed to generateº tr . To that end, we
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introducea second-orderreferencemodel for generatingthe relative
referencetrajectoryrtr and its time derivatives.The referencemodel,
driven by an external command signal rc, can be expressed as

Rrtr D !2
rmrc ¡ !2

rmrtr ¡ 2³rm!rm Prtr (37)

where !rm and ³rm are the natural frequency and the damping coef-
� cient of the model, specifying its dynamic characteristics.

It is convenient to combine and regroup the expressions for º lc

and º tr of Eqs. (29) and (33), respectively, as follows

º lc C º tr D K1e C K2 Pe| {z }
ºc

C Rrtr ¡ A21rtr ¡ A22 Prtr| {z }
ºrm

(38)

where ºc is the rede� ned output of the linear controller operating
on the trackingerror only and º c dependsonly on the outputs of the
referencemodel. The last two terms are used in the actual controller
implementation, in which the pseudocontrolº is rede� ned as

º D ºc C º rm ¡ ºad (39)

C. NN for Inversion Error Compensation
The next step is synthesizingºad, the adaptive signal designed to

compensatefor theeffectof themodel inversionerror¢.x; xl ; t/. To
this end, a nonlinearsinglehidden layer (SHL) NN is used.The SHL
NN was chosen due to its universal approximation property.28;29

For an input vector Nx, which is constructedof the measuredstates,
the referencemodeloutputsand the pseudocontrolsignal, the output
of the SHL NN is given by

º ad D W T ¾.z/ C Nº (40)

where z D V T Nx, V is the input weighting matrix, W is the output
weighting matrix, and Nº is a so-called robustifying term. For Ninner

inner layer neurons,¾ D [¾1; ¾2; : : : ; ¾Ninner ]
T is a vector of sigmoid

activation functions, whose elements are given by

¾i D 1=.1 C e¡ai zi /; i D 1; 2; : : : ; Ninner (41)

where ai ; i D 1; 2; : : : ; Ninner , are arbitrarily chosen activation po-
tentials.

Although ideal weightingmatrices are unknown and usually can-
not be computed, they can be estimated (or “learned”) in real time
using the following NN weights training rules22;26:

PW D ¡
£
.¾.z/ ¡ J .z/V T Nx/´ C ·k´kW

¤
¡W (42)

PV D ¡0V [Nx´W T J .z/ C ·k´kV ] (43)

where 0W and 0V are positive de� nite learning rate matrices, J .z/
is the diagonal Jacobian matrix J .z/ D @¾.z/=@z evaluated at the
current value of z, and · is the e-modi� cation parameter. Here, ´ is
de� ned by

´ D "T PB (44)

where P Â 0 is a positivede� nite solutionof the Lyapunovequation

AT
cl P C PAcl C Q D 0 (45)

for any positive de� nite Q Â 0.
The robustifying term Nº is given by

Nº D ¡KZ

¡
kZkF C Z ¤

M

¢
´T (46)

where

Z D
µ

W 0

0 V

¶
(47)

and k¢kF is a Frobenius norm of a matrix and Z ¤
M is a bound on the

ideal (unknown) NN weights Z ¤, that is, kZ ¤kF · Z ¤
M .

D. Control Constraints and Pseudocontrol Hedging
The thrust required for formation � ying in deep-space missions

is usually characterizedby a vast dynamic range.17 A milli-Newton
thrust is required for rapid repositioning, whereas micro-Newton
thrust is required for steady-state formation keeping. The only sys-
tems currently envisioned that can be used to provide the required
thrust are electric or plasma electric propulsion devices, such as
Hall thrusters, � eld emission electric propulsion or pulsed plasma
thrusters.30 These devices are characterizedby maximum and min-
imum thrust levels. Thus, the control vector is constrained by the
inequalities

umin;i · u i · umax;i ; i D 1; : : : ; nu (48)

where nu is the number of activated thrusters.
NN training dif� culties may occur when actuator saturation is

encountered, possibly leading to NN wind-up. This is attributed to
that actuator saturation, which changes the dynamic input–output
characteristics of the system, may be interpreted by the NN as a
change in the system dynamics and, thus, a change in the model
inversion error ¢. The pseudocontrolhedging (PCH) methodology
is introduced to address these adaptationdif� culties within a model
referenceadaptivecontrol (MRAC) architecture.31 The main notion
of PCH is to limit or hedge the reference model of MRAC archi-
tecture to prevent the NN from adapting to saturations when those
are encountered. PCH does not affect the NN adaptation to other
sources of inversion error for which compensation is possible.

Conceptually, PCH moves the reference model backward by an
estimated de� cit in the performed vs commended pseudocontrol
action caused by actuator saturation. In effect, the reference model,
which producesthe commandedpseudocontrol,is limitedor hedged
according to the difference between the commanded and actually
achievedpseudocontrol.Consequently,with PCH, the NN is trained
correctly using only achievable pseudocontrol signals.

The actuator command is determined by Eq. (25), while neglect-
ing the actuator saturation. This is stated as

ucmd D º ¡ Of.x; xl/ (49)

Because of saturation, the actual actuator action u will not equal
to its commandedvalue ucmd. Consequently,a pseudocontrolhedge
signal ºh is de� ned as the differencebetween the commandedpseu-
docontrolinput and the actuallyachievedpseudocontrol,which may
be nonzero when an actuator is saturated. To compute this differ-
ence, a measurement or an estimate of the actuator position Ou is
required. This estimate, chosen simply as the saturated command,
is then used to compute the pseudocontrolhedge as

ºh D Og.x; xl ; ucmd/ ¡ Og.x; xl; Ou/ D ucmd ¡ Ou (50)

where Og is an estimate of g and the last equality in Eq. (50) results
from the de� nition of Og given in Eq. (22). The PCH signal is next
introduced as an additional input into the reference model, forcing
it to move back. If the referencemodel update without PCH is given
by Eq. (37), then the reference model update with PCH is rede� ned
as

Rrtr D !2
rmrc ¡ !2

rmrtr ¡ 2³rm!rm Prtr ¡ ºh (51)

The instantaneouspseudocontrolsignal º rm , de� ned in Eq. (38), is
not changed by PCH, that is, it is computed using Rrtr of Eq. (37),
leading to

º rm D
¡
!2

rmrc ¡ !2
rmrtr ¡ 2³rm!rm Prtr

¢
¡ A21rtr ¡ A22 Prtr (52)

where the terms in the parenthesesconstitute the unhedged Rrtr. This
formulation of º rm is required for successful stability analysis of
NN-based adaptive control with PCH, detailed in Ref. 31. Hence,
the effect of the PCH signal on the pseudocontrolis introducedonly
through the reference model dynamics.
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IV. Simulation
In this section the mentioned ideas are illustrated by simulation.

The simulation is based on the equations of motion presented in
Sec. II, the control methodology developed in Sec. III, and a dis-
turbance model, to be presented shortly. The disturbance model
represents perturbing forces typical to the deep-spaceenvironment.
One must consider gravitational forces from other celestial bodies.
For the type of trajectories considered here, the moon constitutes
the main gravitational perturbation. SRP is another disturbance to
account for. Other disturbances, such as Earth’s magnetic � eld, its
oblateness, and the atmospheric drag are not pertinent to the deep-
space environment and are, thus, neglected.

It is important to understand the role of disturbances in the forth-
coming analysis. Theoretically, every disturbance that can be mod-
eled may be invertedusing a feedback linearizationmethodologyas
was implementedon the Earth and the sun gravitational forces. The
role of the disturbancesin our case, however, is to illustratethe capa-
bility of the controller to reject unknown or uncertain disturbances,
or, in the more general sense, to performrobustlyunder the presence
of model inversionerrors. To this end, the moon and the SRP distur-
bances are used as model inversionerror “generators.”The nominal
model of the moon’s disturbanceand the SRP are known. However,
there is always a degree of uncertainty either in the moon’s phase
relative to Earth or the SRP constant. Thus, instead of inverting the
nominal part of these disturbances and employing the NN element
to reject only the uncertain portion, we have trained the NN to re-
ject the overall disturbance signals. This was done to illustrate the
capabilityof the algorithm to deal with large model inversionerrors
that, in the real case, may stem from, for example, the measurement
process(sensornoise, bias, sampling rate) or actuator imperfections
(thrust noise, misalignments, nonlinearities).

dMl .xl; t/ D

2

6666666664

¡¹1[xl C kRM kcos.!M t C µ/]
£
.xl C kRM k cos.!M t C µ//2 C .yl C kRM k sin.!M t C µ//2 C z2

l

¤ 3
2

C ¹1 cos.!M t C µ/

kRM k2

¡¹1[yl C kRM k sin.!M t C µ/]
£
.xl C kRM k cos.!M t C µ //2 C .yl C kRM k sin.!M t C µ //2 C z2

l
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C ¹1 sin.!M t C µ/

kRMk2

¡¹1zl£
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¤ 3
2
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(55)

dM .x; xl ; t/ D
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¡ ¹1[x C xl C kRM k cos.!M t C µ /]
£
.x C xl C kRM k cos.!M t C µ//2 C .y C yl C kRM k sin.!M t C µ //2 C .z C zl/2

¤ 3
2

¹1[yl C kRM k sin.!M t C µ /]
£
.xl C kRM k cos.!M t C µ//2 C .yl C kRM k sin.!M t C µ//2 C z2

l

¤ 3
2

¡ ¹1[y C yl C kRM k sin.!M t C µ /]
£
.x C xl C kRM k cos.!M t C µ//2 C .y C yl C kRM k sin.!M t C µ //2 C .z C zl/2

¤ 3
2

¹1zl
£
.xl C kRM k cos.!M t C µ//2 C .yl C kRM k sin.!M t C µ//2 C z2

l

¤ 3
2

¡ ¹1.z C zl /
£
.x C xl C kRM k cos.!M t C µ//2 C .y C yl C kRM k sin.!M t C µ //2 C .z C zl/2

¤ 3
2

3

777777777777777777777777775

(56)

Thus, the control law is aimed at guaranteeing robust precision
formation � ight while rejecting the disturbancesnot accounted for
in the inverting controller, by using the adaptive NN element. Note
that the NN is trained online only and has no direct information
regardingthenatureof the disturbancesexceptthat they are bounded
[Eq. (20)].

A. Disturbance Model
Let us � rst consider the gravitational disturbance of the moon.

The accelerationof the leader and the follower due to the moon are
given by

dMl D ¡¹M .RM C rl /

kRM C rl k3
C ¹M RM

kRM k3
(53)

dM f D ¡¹M .RM C rl C r/
kRM C rl C rk3

C ¹M RM

kRM k3
(54)

respectively, where RM is the position vector of the moon relative
to Earth and ¹M is the gravitational constant of the moon. We ide-
alize the moon’s orbit as a circle of radius kRM k D 0:002569 AU D
384,320 km in the ecliptic plane. (Actually, the Moon’s orbit is
inclined 5±090 to the ecliptic. For the treatment to follow, this in-
clination can be safely neglected.) The phase of the moon in this
orbit is µ . Under these conditions, the normalized disturbance ex-
erted by the moon on the leader spacecraft is expressed in a vector
form as

where !M D
p

.¹M =¹S ¢ kRk3=kRM k3/ and ¹1 D ¹M =¹S .
Therefore, the differential disturbancevector is
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Next, we consider the SRP disturbance. To this end, we adopt a
widely used model.32 According to this model, the leader accelera-
tion due to SRP is

dSP l D ¡
¡
¯l

¯
kRl k2

¢
. ORl ¢ n/2n (57)

where ¯l is a parameter that dependson the coef� cient of re� ectivity,
the area and mass of the spacecraft, the solar � ux, and the speed of
light. Rl D R C rl (Fig. 1) is the positionvector of the leader relative
to the sun, ORl

1D Rl =kRl k, and n is the attitudevectorof the spacecraft
in the rotating frame.

To simplify Eq. (57), we assume that n D ORl , which yields

dSP l D ¡
¡
¯l Rl

¯
kRl k3

¢
(58)

Componentwise, Eq. (58) may be rewritten as

dSP l .xl / D ¡¯l

2

66666666664

1 C xl

£
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zl
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l

¤ 3
2

3

77777777775

(59)

The same procedure can be repeated for the follower spacecraft
yielding

dSP f D ¡
¡
¯ f R f

¯
kR f k3

¢
(60)

where ¯ f is the SRP of the follower and R f D R C r f D R C rl C r
(Fig. 1). The SRP disturbance vector exerted on the follower, thus,
may be written as

a) Leader normal displacement zl

b) Leader transverse displacement yl

c) Leader radial displacement xl

d) Three-dimensional leader trajectory

Fig. 3 Leader trajectory in the Earth-� xed rotating frame.
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Thus, the differential SRP disturbance is given by

dSP.x; xl / D dSP f .x; xl / ¡ dSP l .x; xl /
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Finally, the total differential disturbance acceleration is given by

d.x; xl/ D dM .x; xl / C dSP.x; xl / (63)

B. Simulation Scenario and Numerical Values
We start by presenting the leader’s trajectory, shown in Fig. 3.

We assume that the constellationis initiallyparked at a 200-km low
Earth orbit. Then, an impulsivevelocity change of 1v D 4:9 km/s is
used to inject the spacecraft into an out-of-eclipticEarth drift-away
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trajectory.10 During a two-year mission lifetime (selected merely
as a benchmark), the maximum normal de� ection of the trajectory
above the ecliptic is 0.223 AU, and the maximum distance from
Earth is 1.2 AU. The resulting leader trajectory in the inertial frame
is a non-Keplerian orbit with the leader’s distance from the sun
satisfying 0.986 AU · kRl k · 1:138AU.

The formation is initialized arbitrarily at [x.0/; y.0/; z.0/;
Px.0/; Py.0/; Pz.0/]T D [5; 5; 5; 0; 0; 0]T m. The reference trajectory
is aimed at separating the spacecraft to a constant distance
of kr.t f /k D 450 km, a very long baseline taken from NASA’s
MAXIM Path� ndermission.6 In spite of the largebaseline,MAXIM
Path� nder requires submillimeter formation keeping. These num-

Fig. 4 Tracking error components and relative range tracking error without NN compensation assume values between 100 mm and about 1 m due
to the moon’s gravitationaldisturbance and the differential SRP.

Fig. 5 Tracking error components and relative range tracking error with adaptive NN compensation are dramatically reduced to below 5 mm after
4 days and to a submillimeter level after 50 days.

bers were chosen here to illustrate the ability of the proposed con-
troller to provideprecisionformationkeepingevenunder such strin-
gent requirements. The � nal position components were thus, se-
lected as x.t f / D y.t f / D z.t f / D 450=

p
3 km.

The next step was performing feedback linearization and clos-
ing an LQR control loop on the feedback-linearizedsystem as de-
scribed in Sec. III. We have selected the values Q lc D 2 ¢ 105 £ I6 £ 6

and Rlc D 30 ¢ I3 £ 3. (Note that the diagonal terms of these matri-
ces are dimensionless, due to the use of normalized variables.)
The SRP parameters were calculated assuming that the solar � ux
is FS D 1358 W/m2, the speed of light is c D 3 £ 108 m/s, the
mass of each spacecraft is m D 500 kg, the cross-sectional area is
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S D 3.5 m2, and the coef� cient of re� ectivity is q D 0:6, which re-
sults in ¯l D SFS.1 C q/=.mc/ D ¯ f D 5 £ 10¡8 m/s2. The PCH al-
gorithm was implemented assuming that each thruster is capable of
providing a maximum of 1 mN of thrust, so that the total thrust is
limited to 1.732 mN. The lower thrust limit was assumed to be 0.

C. Results
The � rst simulation run of the closed-loop position control sys-

tem was performed without the adaptive NN disturbance rejection

Fig. 6 Thrust components and total thrust during the � rst 50 days of the mission; maximum total thrust during the transient phase limited to
1.732 mN; required thrust for formation keeping drops to the micro-Newton level after about 20 days.

Fig. 7 Thrust components and total thrust for the entire mission; required thrust for formation keeping ranges from 5 to 15 ¹N.

element, ºad ´ 0, using the approximate model inversion and LQ
components of the controller.The tracking components, ex ; ey , and
ez , as well as the relativedistance tracking error er

1D krtrk ¡ krk are
shown in Fig. 4. Note that these variables are given in units of mil-
limeters.Noticeably,the trackingerrors range between 100 mm and
1 m, due to the moon and SRP disturbances.After 200 days, the rela-
tive distancetrackingerror is about¡100 mm. At the end of mission
lifetime, this tracking error is about 18 mm. This performance was
achieved with a proper tuning of Q lc and Rlc, but due to the control
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saturation, this accuracy falls quite short of achieving submillime-
ter formation keeping and is by no means feasible for the speci� c
missionconsideredhere.However, the picturedramaticallychanges
when the NN element is employed. Coupled with the feedback lin-
earized LQR controlled closed-loop system, excellent formation
keeping is obtained. Figure 5 presents the tracking error compo-
nents in the latter case. The tracking errors drop by approximately
three orders of magnitude, thus, enabling submillimeter precision.
The relative distance tracking error crosses a 5-mm threshold after
about4 days,and achievesa submillimeterlevel after approximately
50 days.

We conclude this section by examining the thrust required for
formation keeping. The thrust components, u x ; u y , and uz , as well
as the total thrust kuk are shown in Figs. 6 and 7. Figure 6 shows
the thrust componentsand the total thrust during the � rst 50 days of
the mission. The maximum total thrust during the transient phase
is limited to 1.732 mN. The required thrust for formation keeping
drops to the micro-Newtonlevel after about20 days.Figure 7 shows
the micro-Newton thrusting phase of the mission, which requires
between 5 and 15 ¹N of thrust. These numbers yield a total 1V
of about 5 m/s for the entire mission lifetime. This minuscule 1V
value indicates that the proposed controller, although not designed
as a fuel-optimal controller, renders a very small control effort.

V. Conclusions
This paper presented a novel nonlinear adaptive deep-space for-

mation � ying control methodology.We used the general framework
of the restricted three-bodyproblem to formulate nonlinear relative
dynamics.

Based on the realistic simulations described,we may draw a few
importantconclusions.First, solar radiationpressureand the moon’s
gravitational perturbations considerably in� uence the relative tra-
jectory of the spacecraft and, thus, should not be overlooked when
high-precision missions are concerned. The controller developed
here, however, has been extremely successful in rejecting these ex-
ogenousdisturbances.This implies that an onboard implementation
of the algorithm, assuming availability of accurate measurements,
may provide submillimeter formation � ying performance despite
modelingerrors, an important result for futuredeep-spacemissions.

Second, the overall control effort required was very small, which
implies that a modest amount of propellant may be carried. It is
concluded that the proposed control architecture is fuel feasible,
although it was not derived based on fuel optimization.

Third, in accordancewith previous works, a large dynamic range
is needed from the actuators: A milli-Newton thrust is required for
rapid repositioning, whereas micro-Newton thrust is required for
steady-state formation keeping. The required thrust may be gener-
atedbya combinationof severalplasma/electricpropulsionsystems,
such as Hall thrusters, � eld emission electric propulsion or pulsed
plasma thrusters.

Preliminary simulations show that the formation keeping control
system is robust to sensor noise. However, further study is required
to complete the developmentfor thecase of nonidealmeasurements.
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